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ABSTRACT: We study the embedding of spacetime filling D7-branes in [-deformed
backgrounds which, according to the AdS/CFT dictionary, corresponds to flavoring (-
deformed N = 4 super Yang-Mills. We consider supersymmetric and more general non-
supersymmetric three parameter deformations. The equations of motion for quadratic
fluctuations of a probe D7-brane wrapped on a deformed three-sphere exhibit a non-trivial
coupling between scalar and vector modes induced by the deformation. Nevertheless, we
manage to solve them analytically and find that the mesonic mass spectrum is discrete, with
a mass gap and a Zeeman-like splitting occurs. Finally we propose the action for the dual
field theory as obtained by x-product deformation of super Yang-Mills with fundamental
matter.
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1. Introduction

One of the main challenges of the elementary particle theoretical physics is the understand-
ing of the low energy regime of confining theories, primarily QCD. Progress in this direction
is expected in the context of AdS/CFT correspondence [[I] which allows for a dual descrip-
tion of Yang-Mills theories at strong coupling in terms of a perturbative string/supergravity
theory.

In this respect, a quite recent progress concerns the generalization of the AdS/CFT cor-
respondence to include matter in the fundamental representation of the gauge group [P, {.
The holographic description of a 4D supersymmetric Yang-Mills theory with fundamental
matter can be obtained by considering a system of intersecting D3-D7 branes. Precisely,
the near horizon geometry of a system of N D3-branes in the presence of Ny spacetime-
filling D7-branes, in the large N limit and Ny fixed, gives the dual description of a N = 4
SU(N) SYM theory living on the D3-branes with supersymmetry broken to N/ = 2 by
Ny hypermultiplets in the fundamental representation of SU(NN). The field content of the



hypermultiplets is given by excitations of fundamental strings stretching between D3 and
D7-branes.

When the D3 and the D7-branes are separated along the mutual orthogonal directions
the hypermultiplets acquire a mass which is proportional to the distance between the
branes. For coincident branes (vanishing masses) the N/ = 2 theory is superconformal
invariant.

As proposed in [[j] (see also []), excitations of fundamental strings with both ends on
the D7-branes represent mesonic states of the corresponding SYM field theory. Studying
these fluctuations allows for determining the mass spectrum of the mesonic excitations.
The spectrum turns out to be discrete with a mass gap [f].

Since the original proposal of inserting D7-branes in the standard AdSs x S® geometry,
a lot of work has been done in the direction of finding generalizations to less supersym-
metric and /or non-conformal backgrounds. In particular, flavors and meson spectra on the
conifold and in the Klebanov-Strassler model have been studied in [l]. The Maldacena-
Nunez background has been considered in [ff], the class of metrics of the form AdSs x Y4
and AdSs x L%*¢ in [§], while for the Polchinski-Strassler set-up see [[]. Supersymmetric
embeddings of D-branes and their fluctuations in non-commutative theories have been in-
vestigated in [[[(]. Further generalizations concern other stable brane systems [[L1], [Z]. Chi-
ral symmetry breaking and theories at finite temperature have been first studied in [I3, [[4].
Moreover, several attempts have been devoted to going beyond the probe approximation
and studying full back-reacted (super)gravity solutions [[[5]. Further interesting results can
be found in [I§-PQ].

Among the formulations of the AdS/CFT correspondence with less supersymmetry,
the one-parameter Lunin-Maldacena (LM) background [RI] corresponding to N' = 1 3-
deformed SYM theories plays an interesting role, being the field theory and the dual string
geometry explicitly known. The gravitational background is AdSs x S® where S° is the
(B-deformed five sphere obtained by performing a T'sT transformation on a 2-torus inside
the S5 of the original background. This operation breaks the SO(6) symmetry group of
the five sphere down to U(1) x U(1) x U(1). On the field theory side, this deformation
corresponds to promoting the ordinary products among the fields in the N’ = 4 action to a
«-product which depends on the charges of the fields under two U(1)’s and allowing for the
chiral coupling constant to be different from the gauge coupling. Consistently with what
happens on the string side, these operations break N' = 4 to A/ = 1 supersymmetry, as the
third U(1) (the one not involved in the *-product) corresponds to the R-symmetry. Further
generalizations [2J] lead to a dual correspondence between a non-supersymmetric Yang-
Mills theory and a deformed LM background depending on three different real parameters
Y1, 72 and 3.1

All these models are (super)conformal invariant since the string geometry still has an
AdS factor. As such they cannot be used to give a realistic description of the RG flow of
a gauge theory towards a confining phase. However, it is interesting to investigate what

'We use the standard convention to name real deformation parameters with .



happens if we insert D7-branes in these deformed backgrounds.? In particular, we expect
to find a parametric dependence of the mesonic spectrum on ~;’s which could then be used
to fine-tune the results.

In what follows we accomplish this project by studying the effects of inserting D7-
branes in the more general non-supersymmetric LM-Frolov background. In the probe
approximation (N P < N ), we first study the stability of the D3-D7 configuration. We
find that, independently of the value of the deformation parameters, an embedding can be
found which is stable, BPS and in the v; = 5 = 73 case it is also supersymmetric.

We then study fluctuations of a D7-brane around the static embedding which corre-
spond to scalar and vector mesons of the dual field theory. We consider the equations
of motion for the tower of Kaluza-Klein modes arising from the compactification of the
D7-brane on a deformed three-sphere. The background deformation induces a non-trivial
coupling between scalar and vector modes. However, with a suitable field redefinition, we
manage to simplify the equations and solve them analytically, so determining the mass
spectrum exactly.

The effects of the deformation on the mesonic mass spectrum and on the correspond-
ing KK modes are the following: i) As in the undeformed case the mass spectrum is
discrete and with a mass gap, but it acquires a non-trivial dependence on the deformation
parameters. Precisely, it depends on the parameters 2,3 which are associated to T'sT
transformations along the tori with a direction orthogonal to the probe branes, whereas
the parameter -1 associated to the deformation along the torus inside the D7 worldvolume
never enters the equations of motion for quadratic fluctuations and does not affect the mass
spectrum. ii) Since the deformation breaks SO(4) (the isomorphisms of the three-sphere) to
U(1) x U(1) a Zeeman-like effect occurs and the masses exhibit a non-trivial dependence on
the (mg, m3) quantum numbers associated to the two U(1)’s. The dependence is through
the linear combination (yom3 — y3m2)? so that the mass eigenvalues are smoothly related
to the ones of the undeformed case by sending 7; — 0. iii) The corresponding eigenstates
are classified according to their SO(4) and U(1) x U(1) quantum numbers. Expanding in
vector and scalar harmonics on the three-sphere, we find Type I elementary fluctuations®
in the (l%l, %)(m%mg) representations and Type II, Type III and scalar modes in the
(4, %)(m%mg). For a given [ the total number of degrees of freedom is 8(I + 1)? as in the
undeformed theory but, given the degeneracy breaking, they split among different eigen-
values. For any given triplet (I, mo, m3) we compute the degeneracy of the corresponding
mass eigenvalue. We find that the splitting is different according to the choice o # 3
or 72 = 73 (which includes the N' = 1 supersymmetric deformation). In the last case the
spectrum exhibits a mass degeneracy between scalars and vectors which is remnant of the
N = 2 supersymmetric, undeformed case.

The paper is organized as follows. In section 2 we review the three-parameter de-
formation of the AdSs x S° by using a set of coordinates suitable for the introduction of
D7-branes. In section 3 we study the static embedding of a D7-brane and discuss its sta-

2Several works in the literature are devoted to the study of D-branes in this context @7@]
$We use the classification of [E]



bility. In the 713 = 2 = 73 case, using the results of 2§ we argue that our configuration
is supersymmetric. We then find the equations of motion for the bosonic fluctuations of a
D7-brane in section 4 and solve them analytically in section 5 determining the exact mass
spectrum. In section 6 we discuss the properties of the spectrum and analyze in detail
the splitting of the mass levels and the corresponding degeneracy. Finally, in section 7 we
formulate the field theory dual to our configuration, whereas our conclusions, comments
and perspectives are collected in section 8.

2. Generalities on the three-parameter deformation of AdS; x S°

Following [R1], BJ we consider a type IIB supergravity background obtained as a three-
parameter deformation of AdSs x S°. It is realized by three T'sT transformations (T
duality — angle shift — T duality) along three tori inside S® and driven by three different
real parameters ;. The corresponding metric is usually written in terms of radial/toroidal
coordinates (p;, ¢;), t = 1,2,3, >, p? = 1 on the deformed sphere, and in string frame it
reads (we set o/ = 1)

2
u? ,  R? .
ds® = ﬁnuyda:”da: + ﬁdu2 + R? Z(dl)? + Gpidd?) + Gpip3ps Z Fid i

T
G~ = 14+ 43pip3 + 430307 + i P30 4 = Ry (2.1)

where R is the AdSs and S° radius. A further change of coordinates may be useful (we use
the notation c¢ = cos&,s¢ = sin¢ for any angle &)

pPL==Ca , P2=25aC0 , P3= 5050 (2.2)

leading to the description of this background in terms of Minkowski coordinates x* plus
the AdSs coordinate u and five angular coordinates (a0, @1, ¢2,¢3). The deformations
correspond to T'sT transformations along the three tori (¢1, ¢2), (d1, @3), (P2, ¢3) and are
parametrized by constants 43, 42 and 4; respectively.

This background is non-supersymmetric and it is dual to a non-supersymmetric but
marginal deformation of N' =4 SYM (the deformation has to be exactly marginal since
the AdS factor is not affected by T'sT’s). The N' = 1 supersymmetric background of [R]]
can be recovered by setting 41 = J2 = 3.

With the aim of embedding D7-branes in this background we find more convenient to
express the metric in terms of a slightly different set of coordinates. We describe the six
dimensional internal space in terms of X™ = {p, 0, ¢2, ¢3, X5, X} which are mapped into
the previous set of coordinates by the change of variables

p=uSq , Xs=ucqcy , Xe=1uUCySgp (2.3)

In string frame and still setting o/ = 1, we then have

d?—“—2 dztdz” R—QG dXmdX" 2.4
8—R277;w$ 33+u2 mn (2.4)



where the non-vanishing components of the metric G,,,, are

Gpp=1
Goapr = G (14 430103) pi u
Gogs = G293 pipsp3 u”
Gy xs = —G 4192 p3p3 Xo
Gosxs = =G A3 305 Xo

2

Goo = p°
Gosss = G (1+43p103) p3u

Gy xs = G132 p3p3 X5
Gosxe = G173 pps X

2

X2 . X2 .
Gxsx; = 1— 5% [1=G(1+470p3)]  Gxoxs = 1— 525 [1— G (1+4{03p3)]
u?py u?p3
X5X6 .
GX5X6 = u2p2 [1 -G (1 + ’7%9%/0%)] (2-5)
1
where G is given in (2.1) and now
X2+ X2 p2c2 0252
2 5 6 2 0 2 9
— = = 2.6
P1 ug ) P2 ug ’ P3 ug ( )

The constraint Z?:l p? = 1 is traded with the condition u? = p? + X2 + XZ.
The LM-Frolov supergravity solution is characterized by a non-constant dilaton

e = 2h@ (2.7)
where ¢ is the constant dilaton of the undeformed background related to the AdS radius
by R* = 4me® N = ). For real deformation parameters 4; the axion field Cj is a constant

and can be set to zero.
This background carries also a non-vanishing NS-NS two-form and R-R forms as well.

In our set of coordinates they read

R*G . . .
B=-—a ((X5dX6 — X6dX5) A (Japsdes — F2p3des) + 41505 u’ds A d¢3>
X5dXg — XgdX 4
Oy = AR%e™Pwy A (41552 - ndepy + Asds | . w1 = ~—cosedd
upy 4u

4 X5dXg — XedX
Cy = 4R%e%0 <4u—R8dt A dzs A des Adag — G A5 (;2/)2 69X5 1\ o A d¢3> (2.8)
1

The corresponding field strengths are given by the general prescription Fq =dCy_1 —dBA
Cy—3.

The missing forms of higher degrees can be found by applying the ten-dimensional
Hodge duality operator

1“:‘7: —*Fg, Fg :*Fl (29)
From the first identity and using the equation of motion for Cy
d(xF3) = dCy N dB, (2.10)



it is easy to see that d(Cs — B A Cy) =0, i.e. C4 — B A Cy = dX for an arbitrary 5-form
X. We make the gauge choice
Cs=Cy4yNB (2.11)

Finally, from the second identity in (B.9), by using (2.1]) and taking into account that
BAB=0and Cy =0 we find Fy = dCs = 0. Therefore, in what follows we set Cs = 0.

The deformed background written in terms of the original internal coordinates
(p, 0,0, d1, P2, p3) has a manifest invariance under constant shifts of the toroidal coor-
dinates (¢1, ¢2, ¢3) which correspond to three U(1) symmetries. With our choice of coor-
dinates the invariance under ¢ 3 — ¢ 3 + const. is still manifest, whereas the third U(1)
associated to shifts of ¢; is realized as a rotation in the (X35, Xg) plane.

3. The embedding of D7-branes

We now study the embedding of Ny < N D7-branes in the deformed background described
in the previous section. For simplicity we consider the case of a single spacetime filling
D7-brane (Ny = 1) which extends in the internal directions (p, 6, 2, ¢3) (we work in the
static gauge where the worldvolume coordinates ¢ of the brane are identified with the
appropriate ten dimensional coordinates). The X5, X¢ coordinates parametrize the mutual
orthogonal directions of the intersecting system of N sources D3-branes and one flavor
D7-brane.

The dynamics of bosonic degrees of freedom of the D7-brane is described by the action

S = Sppr+ Swz (3.1)

where Sppr is the abelian Dirac-Born-Infeld term (in what follows latin labels a, b, . . . stand
for worldvolume components)

Sppr = —T7/ d®o e=\/—det(gap + Fap) (3.2)
g

whereas Swyz is the Wess-Zumino term describing the coupling of the brane to the R-R
potentials

(2ma’)?

(2ma’)?
Swz = Tr 6 P[CQ]/\F/\F/\F+ P[C4—C2/\B]/\F/\F (3.3)
g

Here gy = Gun0a XM, XN is the pull-back of the ten-dimensional spacetime met-
ric (2.4), (R.§) on the worldvolume Yg and T is the D7-brane tension. The U(1) world-
volume gauge field strength Fy; enters the action through the modified field strength
Fap = 2ma’Fyy — by, where by, is the pull-back of the target NS-NS two-form poten-
tial in (P.§), bep = Byn0. XM, XN, Moreover, in (B.3) P|...] denotes the pull-back of the
R-R forms on Xg.

We look for ground state configurations of the D7-brane. These are static solutions of
the equations of motion for X5, X¢ and €F (¢ = 2ma’) derived from (B.1)).



In the ordinary AdS; x S° background static embeddings (see for example [[[3]) can be
found by setting X¢ = 0, F' = 0 and X5 = X5(p) satisfying

d 3 dX
= P Sl =0 (3.4)
dp \ /14 (9,X5)? dp
with asymptotic behavior X5(p) = L + p% for p > 1. The mass solution X5 = L is the
only well-behaved solution and corresponds to fixing the location of the D7-brane in the
56-plane at X2 + X2 = L?. This is a BPS configuration since the energy density turns out
to be independent of L [B0}, [J].
In the deformed background we consider an embedding of the form

XM = (24,0,0, 2, 63, X5(p), X6 (p)) ., F=FX) (3.5)

where, as in the ordinary case, we allow for a non-trivial dependence of the orthogonal
directions on the non-compact internal coordinate p. Solving the equations of motion for
X5, Xg and F' in the present case requires a bit of care since the non-vanishing NS-NS
2-form in (R.§) can act as a source for the field strength F.

We expand the action (B.I]) up to second order in eF. The WZ action is simply

Swz = B} P[Cy— CyANB]NeF NeF (3.6)
g

whereas the expansion of Sppr gives

\/—det(g—b+eF)
L = -T
DBI 7 e
—det(g — b)
VG
1 1 1

= —Tr p*sgco /o {1 + -Tr(Y) — ZTr(Yz) + TP+ } (3.7)

=Ty det(1+Y)

2 8

where we have defined

Y =(g—b)teF
Uy = 14 (9,X5)% + (0,X6)* (3.8)

and set e? = 1.

The source for eF' comes from the term

1Tr(Y)

5 X5 0p X6 — X6 0pX5) (Y2 Fpps — V3 Fppn) — Y1802 Fipy] (3.9)

€
- R2QQ [(
In the abelian case the last term is a total derivative and, once integrated on the world-
volume of the brane, it cancels. We are left with the first term which gives a non-trivial
coupling between the scalars and the vectors. We note that these couplings are proportional
to the deformation parameters and disappear for 4; = 0, consistently with the undeformed
case.



Since all the F' components except Fjg, and F4, satisfy homogeneous equations we
can set them to zero and concentrate on the system of coupled equations of motion for
X5, X6, Fp, and Fjy,. It is easy to realize that a solution is still given by Xg = 0,
Fop, = Fog, =0, whereas X5(p) satisfies eq. (B.4) and can be chosen as X5 = L.

Therefore, even in the deformed case, the ground state of the probe brane is given by a
static location at X2+ X2 = L? with no F' flux and absence of non-trivial quark condensate.
The choice X5 = L and X = 0 breaks the rotational invariance in the (X5, Xg) plane.

This configuration is stable (BPS). In fact, the corresponding action
S =Ty / dop®sgcy (3.10)
g

coincides with the one of the undeformed case and satisfies the no-force condition [B0, [[Z].
Setting Xg + X62 = L2, the induced metric on the D7-brane reads

ds? = gop dXdX?

L+ p? 2 2 2 2 R? 2 292
= TR (—dt* + day + da3 + da3) + m(dp + p~db”)
RGP [ 500 000 PPLECHS)(Tadds + F3des)?
- dos + spdgs + 3.11
(L% + p?) Codey + 55093 (L2 + p2)2 (3.11)
where G in (R.]) takes the explicit form
(L2 +p2)2

G= 122 % (3.12)

(L2 + p?)2 +42p spcq + 722[/2,0233 + ’7§L2p263

We note that, due to the particular embedding we have realized, the parameter 4
associated to the T'sT transformation on the (¢2,¢3) torus inside the D7 worldvolume
enters the metric differently from 4, 3 which are instead associated to deformations on tori
with one parallel and one orthogonal direction to the probe.

The different role played by 47 respect to (J2,43) can be also understood by looking
at the conformal case (L = 0) or the UV limit (p — oo) of the theory. In both cases
the dependence on (92,43) disappears and the worldvolume metric reduces to the one for
AdS; x S3 where S? is the deformed three-sphere with metric

2

dsz.
RS; = d6® + G(c2dp3 + szdd?) , G

1
S 3.13
14+ 42c2s2 (3.13)

Instead, for p finite and L # 0 the AdS5 factor is lost, the theory is no longer conformal
and a non-trivial dependence on all the deformation parameters appears.

The particular probe brane configuration we have chosen is smoothly related to the
one of the undeformed case. In fact, sending 4; — 0 we recover the usual Karch-Katz [
picture of flavor branes in AdSs x S°. As we have just proved, the stability of the D3-D7
system survives the deformation.

We have embedded flavor D7-branes in a deformed background. When the D7-brane
is spacetime filling and wraps the (¢2, ¢3) torus the configuration is stable and no world-
volume flux is turned on. Alternatively, we could have started with a configuration of



D7-branes in the undeformed AdSs x S background and perform the three T'sT transfor-
mations as a second step. If the D7-branes were to be placed along the same directions as
before, we would obtain exactly the same configuration of stable D7-branes in the deformed
background with no flux turned on. In fact, along the directions (¢1, 2, ¢3) affected by
T'sT transformations the probe branes have Dirichlet-Neumann-Neumann (DNN) bound-
ary conditions. Considering the proposal in [R§| and according to the analysis of 27 a
DNN configuration with no flux is mapped into the same configuration, whatever is the
T'sT transformation we perform. Therefore, for the particular embedding we are analyzing
the two operations i) Adding a probe to the deformed background and ii) Performing a
T'sT transformation on the undeformed brane scenario are equivalent processes. The sta-
bility of our brane configuration for any value of the deformation parameters then follows
from the fact that T'sT transformations do not affect the BPS nature of the original brane
system [R1]] (see also [RF]).

It is worth stressing that the possibility of applying equivalently prescriptions i) or ii) is
peculiar of the particular brane configuration we have chosen. Had we considered different
embeddings, the two procedures wouldn’t had led necessarily to equivalent settings 25, B7.
Furthermore, the stability of the configuration would have become questionable.

When the deformation parameters 4; are all equal the AdSs; X S® background has
N = 1 supersymmetry. The question is whether our D7-brane embedding preserves super-
symmetry. The standard way of finding supersymmetric configurations is to look at the
k-symmetry condition of the probes. However, since the §-deformed background can be de-
scribed by an SU(2) structure manifold, it is more convenient to work using the formalism
of G-structures [BIl] and Generalized Complex Geometry (GCG) [BZ. In this framework
the supersymmetry conditions for D-branes probing SU(2) structure manifolds have been
established in [2§]. For spacetime filling D7-branes a class of supersymmetric embeddings
is given by z1 = X5 + iXg = L, with 20 = X7 + iX5 and 23 = X3 + iX4 arbitrarily fixed
and no worldvolume flux turned on. This embeddings break one of the U(1) global sym-
metries. Since our configuration belongs to this class we conclude that our embedding is
supersymmetric.

4. Probe fluctuations

As proposed in [E, ] D7-brane fluctuations around its ground state are dual to color singlets
which may be interpreted as describing mesonic states of the four dimensional gauge theory.
The mass spectrum of the mesons is given by the Kaluza-Klein spectrum of states which
originate from the compactification of the D7-brane on the internal submanifold. In the
ordinary undeformed scenario the spectrum is discrete and with a mass gap [f].

Our main purpose is to investigate probe fluctuations in the deformed background.

A generic vibration of the brane around its ground state can be described by

X5 =L+ex(0"), Xe=ep(0?) (4.1)

together with a non-trivial flux eF,, = (9, Ay — OpA,). The fluctuations are functions of
the worldvolume coordinates ¢® and ¢ is a small perturbation parameter.



We expand the action of the probe brane in powers of the small parameter

SZSDB[—i-SWZZ/ d80{£0+6£1+€2£2+-”} (4.2)
g

and consider terms up to the quadratic order in e.
We first concentrate on the DBI term

1
Lppr = —T7ﬁ\/—det(g—b+€F) (4.3)

where we have written the dilaton field as in (B-7) with e®° = 1.
We expand the various terms by writing

g = g(o) + &?g(l) + 629(2) , b=0b0 4+ epM 4 2p32)
= GO 1 g0 4263 (4.4)

al-

Therefore, the determinant can be written as

V= det(g—bteF) = y/—det (9O — b)) \/det(1 + V)

= /et (4 — b0) [1+%Tr(Y)— ()L [T ] (4.5)
where the matrix Y is given by
-1
Y = <g<o> _ b<o>> [5 <g<1> ENACONT F) 4 g2 <g<2> _ b@)) T ] (4.6)

At the lowest order the contribution ¢(®) is easily read from (B.11]), whereas for the pull-back
of B from eq. (R.§) we find that the only non-vanishing component is b<(;502)¢3 =4 R2Gp3p3.
It is convenient to introduce the undeformed induced metric

G — dia _L2 + p2 L2 _|_p2 1.2 + p2 L2 + P2 R? R2p2 R2p2cg R2p285
= arag R TR T RE TR L2 242 L2y p2 24 )2
(4.7)
the auxiliary metric C defined by
ds* = Copdodo®
= R2P (—dt® + dai + da3 + da3) + m(dp2 + p2d6?)
RGp® [ 5,0 9,0 p*L2C2s2(Aadgs + A3dps)?
21 2 cpdy + spdes + (L2 4 22 (4.8)
with ) -
A L
G = (L +7) (4.9)

(L% 4 p2)? + 43 L2p%s3 + A3 L% p?cs

— 10 —



and two deformation matrices 7 and J given by
Th202 fy?? Th3bs — ’7% Th203 _ Th3P2 _ —4993
j¢2¢2 -0 j¢3¢3 =0 j¢2¢3 — _j¢3¢2 =7 (4.10)

The metric C is nothing but the induced metric (B.11]) evaluated at 41 = 0. Its inverse can
be expressed as

L2
1 _ -1
= — 7 4.11
C ¢+t m 25 ) (4.11)
It turns out that the matrix (¢(®) — b(o))_1 in (f.g) can be written as
-1 2
©0) _ 30) —c! _o-1,.
(69 -v) =ct4T=0 temeaT (4.12)

Since the whole dependence on the deformation parameters is encoded in 7 and 7, the
4; — 0 limit is easily understood.

Now a long but straightforward calculation allows to determine the first order correc-
tions ¢, b1, GM as well as the second order ones ¢@,b2 G@) . Inserting in Lpp; we
eventually find

0
ﬁ(D331 = —Typcpsy

1 N
£(D)BI = T7p36989’71F¢2¢3/R2

£(2) - _T 3 R2 Caba Oy + R2 gaba )
DBI — 7/0 6989 2(L2+p2) IIX bX 2(L2+p2) a‘p b(p
1 ab L N N ab
+ ZFabF + m(’ﬁFaaﬁs — 43Fup,) G0hp|  (4.13)

where F% = C%*CYF,; and C is given in ([.11)). The first order Lagrangian is a total
derivative since our embedding X5 = L, Xg = 0 is an exact solution of the equations of
motion.
The Wess-Zumino Lagrangian starts with a second order term in ¢ given by
( L2 + ,02)2
4

1 -
Lwy =17 §P[C4 —Cy A B] ANFANF =T e”k(‘)pAiajAk (4.14)

where we use latin indices to indicate coordinates on the three-sphere parametrized by
(8, p2, d3), A; is the flux potential on it and € is the Levi-Civita tensor density (¢/2% = 1).
This term turns out to be independent of the deformation parameters since the combination
(C4—CoAB) at lowest order gives exactly the 4-form of the AdS5 x S® undeformed geometry.

Determining the equations of motion from the previous Lagrangian is now an easy
task. Introducing the fixed vector

v® = A2(5§ — ’3/355 (4.15)
for the x and ¢ scalars we find
R2 ab L2 a,b
Z?a |: —det(g) <mg + mﬂ (% > 8bX:| =0 (416)
R? L
aa |: —det(g) m gab <ab(70 + ﬁ’Uchc>:| =0 (417)
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whereas, using ({.17) the equations of motion for the gauge fields take the form

Ap(L* + p?)
R4

L L
@ |9 (o R ) =0

It is interesting to note that the equations of motion depend only on the deformation

Ba [ “det(G) Groghd ch] - ik, Ay, (4.18)

— /—det(G)

parameters 4o and 43 hidden in the vector v. In fact, at this order the dependence on
the parameter 41 associated to the torus inside the D7 worldvolume completely cancels
between the factors \/—det(g — b+ eF) and 1/VG.

The scalar fluctuation x along the direction where the branes are located at distance L

decouples from the rest. The scalar ¢, instead, interacts non-trivially with the worldvolume
gauge fields through terms proportional to the deformation parameters.

The vector v has non-vanishing components only on the three-sphere and selects there
a fixed direction. As a consequence, the equations of motion ({.16)-(f1§) loose SO(4)
invariance.

As a first application we consider the L. = 0 conformal case. The vibration of the brane
is given by X5 = ¢ x(0%) and Xg = € p(c®). The equations of motion reduce to

R2
aa{ —det(g)?gd’@blﬂ} =0

4p%
Oa [ —det(G) G*°G™ ch] —~ %&J’“@-Ak = 0. (4.19)
where ¥ = (p, x) and G is the inverse of the matrix ([l.7) evaluated at L = 0. We see that
the dependence on the deformation parameters disappears completely and the equations of
motion reduce to the ones of the undeformed case [§. In particular, the scalar and gauge

fluctuations decouple. Written explicitly, the scalar equations read

R* 1 1
— 0", + —0,(p°9, V) + 5 Ags ¥ =0 (4.20)
p p p
where 1 1 1
Ag¥ = — V) + 5050 + 050 4.21
S3 coso 89(698989 ) + Cz 82 + Sz 83 ( )

is the Laplacian on the unit 3-sphere (02 = 0y,, 03 = 04,)-

According to the results in [B, f] the corresponding AdS; masses are above the
Breitenlohner-Freedman bound [B3]. This is a further check of the stability of our brane
configuration.

5. The mesonic spectrum

We now concentrate on the more general situation X5 = L + ¢ x(c%), X¢ = c¢(c?) and
solve the equations of motion ({.16)-(B.18) for scalar and vector modes. We write the
abelian flux in terms of its potential one-form, Fy, = 9, Ay — 9pA,, and choose the Lorentz
gauge 0, A" = 0 on the spacetime components.

- 12 —



We find convenient to introduce covariant derivatives on the unit three-sphere
(0, p2, ¢3). Given its metric g = diag(l,cz,sg), we have V;VJ = 9;V7 + ngvk with the
o : 6 _ 10 _ 2 _ 3 _
only non-vanishing components being I'yy = —I'33 = ¢ysg, I'5) = —i—z and I';,) = z—z
In order to simplify the equations we introduce the special operators

R* , 1 11 : 2 X X
O = pp? Ot OO ¥ G B0 (e =)
0,= g P [p(L* + 2)28]+ivvl
R R S ER G
o A
+ (EEYIE +p2)2(7283 — 4302)° (5.1)

along with their undeformed versions Oy = O3 |45,=4,-0, Oy = @'?’*/F’ys:o'
Equation ([f.1) for the x mode then takes the compact form

Oy x =0 (5.2)

whereas equation (4.17) can be rewritten as

L . X 1 1
Oy — ﬁ(’mc‘?s — 4302) Eap(PgAp) + ?VlAl =0 (5:3)

where we have defined

L L . .
D =g+ —50"Ay = ¢+ o5 (7243 — J342) (5.4)

R R?
Equations ({.1§) for the vector modes come into three classes, according to b being in
Minkowski, or b= p or b =i = {6, ¢2, ¢3}. We list the three cases.

e bin Minkowski: For b = p and expressing the F' flux in terms of its one-form potential,

equation ({.1§) becomes

LR?

L3 Lo
Os Ay — Oy [gap(ﬂ )+ VA T e

(3205 —%62)@} —0 (55

with ® defined in (5.4).
We apply 0" to this equation and sum over p. Using [0#, O5] = 0 and Lorentz gauge,

solutions corresponding to non-trivial dispersion relations (k% # 0) satisfy

1., 5 Lo LR* .
E@,)(p Ap) + FVIA + 5 (A203 — 4302)®| =0 O:Y AH =0 (5.6)

(L* + p?)
e b= p: Again, expressing the flux in terms of the vector potential we obtain

LR?

1 1 . .
Oy Ap — [gap(PgapAp) + galeAl + m(’mas = 7332)5;)‘1’} =0 (5.7

— 13 -



e b= i: On the internal S? sphere we have

. 1 4> 1

1

- mf‘% [p(L? + ﬂz)zajAp] -

LR:
m(’mag — 430) 9;® = 0

where we have used (\/_F”) V,F9 =V,;VIAI —V,VIA.

Now, collecting all the equations and using the first of (5.6) in (F.3) the system of coupled
equations we need solve is

(0)  Os5x=0; O3 A4,=0 (5.9)
(1) 0,8=0

1 3 1 l LR2 o 2 —
@ [5PA) + 5+ a0~ ) @] = 0

1 1 LR* .
(3) Ory Ap — [Fap(pgapflp) + ﬁﬁleAl + ) ("}/2(93 — 7382)8p®:| =0

(L2 + p2)2

~ 1 4p? 1 m
(4) O5A; - p <vlvjAl Trre e]lmle )
2 22 LR? 2 2
9y [p(L* + p°) ajAp] - ) (9205 — 4302)0;® = 0

(L% +p%)? (L2 + p2)2

Equations (1)—(4) exhibit a non-trivial interaction between the scalar ® and the components
of the vector potential along the internal directions. The modes x and A, instead decouple.

It is convenient to search for solutions expanded in spherical harmonics on S3. Scalar

1
272

SO(4) and with definite U(1) x U(1) quantum numbers (mg, mg3) satisfying |mg + ms| =
|ma —mg| =1 — 2k, I,k =0,1,.... For fixed [ the degeneracy is (I + 1)2. Their defining
4

spherical harmonics are a complete set of functions ymz’"“ in the ( ) representation of

equations are

Ags Y™ = —1(1 +2) Yy

a m2,ms3

0o 3

= imy 3 ymz’m (510)

Vector spherical harmonics come into three classes. Choosing them to be also eigenfunc-

tions of W we have longitudinal harmonics H; = V,;Y,"*"*, | > 1 which are in the (5, %)

representation of SO(4) with (mg, m3) ranging as before. Transverse harmonics are M =

YEm2ma Tt ith 1> 1in the (452, 41) and M; = Y™ with 1 > 1in the (5L, lTl).

Their degeneracy is [(I+2) and it is counted by |mo+mg| = [+£1—2k, |ma—ms3| = [F1—2k.

4For their explicit realization see for instance [@, @]
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These harmonics satisfy

ViV'MF — REM: = —(1+1)° M
€ VIMEF = £ /g (1 + 1) MF

ViIMFE =0
0
ME = imy g MFE 5.11
Opas 28 (5.11)

where /g = cgsg is the square root of the determinant of the metric on S3, whereas R; = 25;-
is the Ricci tensor.

As in the undeformed case [{] we require the solutions to be regular at the origin
(p = 0), normalizable and small enough to justify the quadratic approximation. All these
conditions are used to select the actual mass spectrum of the mesonic excitations.

5.1 The decoupled modes

5.1.1 The scalar mode x

We start solving the equation for the decoupled scalar y. Using the general identity
ﬁ@i(\/gﬁis) = V,;V'’s valid for any scalar s, the equation O5x = 0 reads explicitly

2

R? 5 1., 4 1 ; L ) NP
50”0, X + ;({%(P 9px) + ?Vlv X+ m(’maﬁa —9302)"x =0 (5.12)

(L% + p?)

We look for single-mode solutions of the form

X(a®) = r(p) €™ V"0, ¢a, d3) (5.13)
Inserting in (5.I3) we obtain an equation for r(p) that, after the redefinitions

fo_ KPR .

0= % ; Tz (ama — Jama)? = M? — (amz — 3ma)®,  (5.14)

becomes X
rr(i+2)
ey 2

3
837’ + 5897’ + r=0 (5.15)

This has exactly the same structure of the equation found in the undeformed case [§]. The
only difference is the presence of the deformation parameters in I'2 which in the undeformed
case reduces simply to M2. Following what has been done in that case [§] we find that the
general solution is

r(p) = p(L* + p*) “F(—a, —a+ 1+ 1;1+2,—p* /L?) (5.16)
where F' is the hypergeometric function and o = SREAVAS R V21+F2 This solution satisfies the

conditions of regularity and normalizability if the quantization condition

2 =4n+1+1)(n+1+2) neN, nl>0 (5.17)
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is imposed. Using (5.14) and M? = —k?, the mass spectrum of scalar mesons then follows

(5.18)

R2

Aamsz — Y3ma > 2
2

2L
M, (n,l,ma, m3) = —\/(n+l+1)(n+l+2) + <

with n,1 > 0 and |mg + mg| = |ma — ms| = | — 2k, k a non-negative integer.

We see that the deformation parameters induce a non-trivial dependence of the mass
spectrum on the two U(1) quantum numbers (mg,mg3), so breaking the degeneracy of the
undeformed case.

The mass spectrum is smoothly related to the one of the undeformed case for 4; — 0.

5.1.2 The type II modes

We look for excitations of the form
Au(0®) = Cu Zr1(p) € Y20, oy 3) . k(=0 (5.19)

Following the classification introduced in [f] for the undeformed case we call them Type IT
modes. The equation 054, = 0 in (B.9) yields to

R 1., 5 1 ; 2
5070, A+ ;ap(p 9,A,,) + ZVIV A+

(L2 + p2)? ~ (4205 —4302)2 A, = 0 (5.20)

L
(L2 + p?)
This is exactly the same equation as the one for the scalar mode x. Therefore, for each
component A,, we follow the same strategy of subsection 5.1.1 and find the mass spectrum

2L Soms — dzma \ 2
Mt = 2w+ () o

with n,l > 0 and |mg + m3| = |mg —mg| =1 — 2k.

Even for this type of vector fluctuations the spectrum is smoothly related to the un-
deformed one for 4; — 0.
5.2 The coupled modes
Having performed the field redefinition (5.4) we solve the coupled equations (1)—(4) by
considering elementary fluctuations of ®, A, and A;.
5.2.1 The type I modes

Being in a different representation the harmonics Mfc do not mix with the others. Therefore
we can make the ansatz®

=0, A,=0, A(c") = ZF(p) e MF(9, do, b3) (5.22)

®We note that if we were to follow closely the classification of @] we would call Type I modes the
elementary modes with ¢ = 0, i.e. with no fluctuations along the X° coordinate. However, given the
structure of the equations of motion, in our case we find the definition () more convenient. In any case,
the two definitions coincide for 4; = 0.
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By using the identity V;A* = 0 as follows from (f.11]), equations (1), (2) and (3) in (F.9)
are identically satisfied whereas eq. (4) reads
1 W

M. 7l i lm:
05 4 p2<VA@A-+ZTI;§%&fﬂme1> 0 (5.23)

Considering the explicit expression for the operator O in (5.1]) and using properties (5.11)
we find that Z7(p) is a solution of the equation

%ag lo(0® +1)%0,Z ] + [f2 Gty ;; b* (+1)2F4(°+ 1)+ 1)} Zf=0 (5.24)

where we have used the definitions (f.14). This is formally the same equation as the one
of the undeformed case, except for the different definition of I'2. Therefore, following the
same steps [ we find that the solutions are still hypergeometric functions

M+ L) P42 —a,—1 —a;1 +2;—p?/L?)

Zf(p) = p
Zy (p) = p(p* + L) 'F(l— o, 1 — ;1 + 2, —p*/L?) (5.25)
where @ = =V I ”21”2 Requiring them to be regular at infinity we obtain the following

quantization conditions

2 =4(n+1+2)(n+1+3)
2 =4(n+0)n+1+1) n>0 (5.26)

As a consequence the mass spectrum reads

~ R 2 4
M1+=%\/(n+l+2)(n+l+3)+<472m3 737”2) {|m2+m3|—l 1—2k

’ R2 2 \mg—m3]:l+1—2k
2L ’3’2m3 - ’AY3m2 2 |m2 +m3| =[4+1-2k

M;_ = — l [+1 = - - -
1, R2\/(n+ J(n+1+ )+< 5 iy — sl = 11— 2k

(5.27)
where [ > 1 and k is a non-negative integer.

5.2.2 The type III modes

Finally, we consider the following fluctuations

(o) = Xir1(p) € Y20, do, ¢3)
Ay(a™) = Yirr(p) € Y20, ¢o, 3) (5.28)
Ai(0®) = Ziii(p) €™ VY0, da, ¢3) = ViA(0?)

with [ > 1. We note that [ = 0 corresponds to having A; = 0. We will comment on this
particular case at the end of this section.
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Inserting in (5.9) and using the identities (5.1() for the scalar harmonics, after a bit
of algebra the equations (1)—(4) can be rewritten as

(2) %3,)(/)314,,) — l(l; 2)A +z'(L2Lf22)2 (Gamz —4zma) @ =0
(3) ﬁamﬁp + %a,, <%a,,(p3A,,)>
- [l(l; 2) + e i2p2)2(%m3 - @3m2)2] A,
+ 2iLR2%(%mg — 43mg) ® =0
O AT s, (I + )0,
- ﬁ(%ms — Agma)? A — map [p(L* + p*)*A,]
R s — ) @ =0 (5.29)

It is worth mentioning that eq. (1) in (f.9) contains the operator %ai(\/gai) which acts
differently on scalars and spherical vectors. Therefore, when this operator is applied on
¢ =0+ %(%Ag —43As2), in principle one should split it as acting on ¢ and A; separately.
However, since in the present case A; = V; A, exploiting the algebra of covariant derivatives
and the properties of scalar harmonics in (.2§), it is easy to show that
iai(\/gaivjA) =V, V'V;A—-2V;A=—I(l+2)V,A (5.30)
V9
This is exactly the same relation satisfied by the scalar ¢, so we are led to %&-(\/g@i@) =
—I(l + 2)®. This confirms that considering ® as an elementary scalar fluctuation is a
consistent procedure.

Equations () are four equations for three unknowns Xjj7, Yrrr, Zrr; and lead to
non-trivial solutions only if they are compatible. Indeed it turns out that equation (4) is
identically satisfied once the others are. We then concentrate on the first three equations.

We first solve equation (1). By observing that it is identical to the equation for the
scalar x (see eq. (p.19)) we immediately obtain

Xrrr(p) = (L + p*) " (= (n+ 14+ 1), —n; 1+ 2 —p% /L) (5.31)

where the quantization condition (5.17) has been used. As a consequence, the mass spec-
trum is

2L Somsz — 4 2
My (n,1,ma,m3) = ﬁ\/(n—l—l—l—l)(n—l—l—l—Q) n <M> (5.32)
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where n >0, 1 > 1 and |mg + m3| = |mgy — m3| =1 — 2k.
Equation (2) can be used to express the mode A in terms of ® and A,. Inserting the

Q

expressions (p.2§) we obtain

1 1 .
Ziir = +——= ;3;)([)31/111) +i

LR?p* .
I(l1+2) )2 (J2ms — Y3ma2) X111 (5.33)

(L2 + p?

We then consider equation (3) which exhibits an actual coupling between X7 and Y777.
In order to solve for Y77 given the solution (5.31]) for X ;1 we set

Yirr(o) = o' (1 + 0%) 7 P(o) (5.34)
Using the definitions (p.14) together with the quantization condition (p.17) and defining
y = —p?, after some algebra the equation for P reads

y(1=y)P"(y) + [(1+2) + (2n +1) y] P'(y) —n(n +1+1)P(y)
_, 1LFy)
(1—-y)?

where we have defined n = i%(&gmg — A3mg). This is an inhomogeneous hypergeometric

F(—=(n+1+1),—n;l+ 2;y) (5.35)

equation whose source is a polynomial of degree n, solution of the corresponding homoge-
neous equation. The most general solution is then of the form

P(y) = cF(—(n+1+1),—n;1+2;y) + P(y) (5.36)

for arbitrary constant ¢, where P is a particular solution of (5.35). Exploiting the general
identity

A=) F(—=(n+1+2),—nl+1y) + m+1+2)F(=(n+1+2),—n;l+ 1;7)
m+l+1)n+1+2)

= F(—(n+1+1),—n;l+2; 5.37
" ((n+1+1) ) (537)
valid for hypergeometric functions with integer coefficients, it is easy to show that a solution
is given by
_ (1+1) F(—(n+142),—n;l+1;y)
P(y) = 5.38
W =" T D15 2) 1—y (5:38)

The general solution of equation (3) is then

Yirr(p) = p' T (L7 4 p?) [c (L +p*) F(=(n+ 1+ 1), —n;1 4+ 2, —p*/L?)

(I+1)
(n+1+1)(n+1+2)

+n F(—(n+1+2),—nyl + 1; —p2/L2)] (5.39)

This solution is regular at the origin and not divergent for p — co. Due to the quantization
condition (f.17) the corresponding mass spectrum is still given by

~ A 2
w) (5.40)

2L
MH[(n,l,mg,mg):—\/(n+l—|—1)(n—|—l—|—2)+< 9

R2
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with n > 0,1 > 1 and |mg + mg| = |ma — ms| =1 — 2k.

Before closing this section we comment on the particular I = ms = mg = 0 mode.
In (5.2§) this corresponds to turn off A; = V;A since A(c?) is independent of the three-
sphere coordinates. Equation (2) reduces to 9,(p*4,) = 0 which, together with the con-
dition of regularity at p = 0, sets A, = 0. Equations (3) and (4) in (p.29) are then auto-
matically satisfied, whereas eq. (1) provides a non-trivial solution for ® as given in (.31
with mass (5.33) where we set [ =mg =m3=0.

As a slightly different attitude we can consider the configuration with all the vector
modes turned off (Y777 = Zr7; = 0) and study only scalar ® fluctuations of the form (5.29).
In this case ® is still solution of equation (1) but, as follows from the rest of equations, it
is constrained by the further condition

(G2m3 — Y3m2)® =0 (5.41)

In general, for non-vanishing and distinct deformation parameters, non-trivial solutions can
be found only for my = mg3 = 0, i.e. only the U(1) x U(1) zero-mode sector is selected and
the fluctuations are independent of (2, ¢3). A greater number of solutions, corresponding
to the modes mgy = mg, is instead allowed when 49 = 43, therefore in particular for the
supersymmetric deformation. In any case, the mass spectrum is given by

M@(n,l):%Lz\/(n—i—l—i—l)(n—l—l—l—Q) n>0 [ (even) >0 (5.42)

and coincides with the undeformed mass.
6. Analysis of the spectrum

From the previous discussion it follows that the bosonic modes arising from the compacti-
fication of the D7-brane on the deformed S? give rise to a mesonic spectrum which is given
by

e 2 scalars and 1 vector in the (4, %) with [ >0, [ma & mg| = — 2k and mass

2L
M,y o 11(n,l,ma,m3) = i

Aamsz — A3ma ) 2
2

(n+l+1)(n+l+2)+<

e 1 scalar in the (4, £) with { > 1, |my & mg| = | — 2k and mass

[N}

Aamsz — Y3ma ) 2

2L
MH[(n,l,mg,mg):—\/(n+l+1)(n+l+2)+< 9

R2

e 1 scalar in the (52, 551) with I > 1, |mg & m3| =1 F 1 — 2k and mass

2L A _A 2
My 1 (n,l,ma,m3) = ﬁ\/(n+l+2)(n+l+3) + (M)
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e 1 scalar in the (552, 51) with I > 1, |mg £ m3| =1 £ 1 — 2k and mass

. . 2
My, (n, 1, ma, mg) = %[;\/(n F O+l 1)+ (M)

for any n > 0. This matches exactly the bosonic content found in the undeformed case [f.
However, in this case the 7-deformation breaks SO(4) — U(1) x U(1) and induces an
explicit dependence of the mass spectrum on the the quantum numbers (mgy,m3) with a
pattern similar to the Zeeman effect for atomic electrons where the constant magnetic field
which breaks SU(2) rotational invariance down to U(1) induces a dependence of the energy
levels on the azimuthal quantum number m.5

The dependence on the deformation parameters disappears completely in the mo =
ms = 0 sector (or for 49 = 43 and mgs = mg3) and the mass eigenvalues coincide with
the ones of the undeformed theory. When 49 = 43 the mass spectrum acquires an extra
symmetry under the exchange of the two U(1)’s and an extra degeneracy corresponding to
mo — mg + m, ms — ms + m, m integer.

For any value of 4; there are no tachyonic modes, so confirming the stability of our
configuration. Moreover, massless states are absent and the spectrum has a mass gap given
by

L
Myap = Nﬁﬁ (6.1)

This is exactly the mass gap present in the undeformed theory [f.

In order to analyze in detail the mass splitting induced by the deformation and study
how the modes organize themselves among the different eigenvalues it is convenient to
rewrite the mass of a generic eigenstate X as

2 412
Mx (n,l,ma,ms) = \/(Mﬁ?)(n,l)) + T (AM (ms,m3))* (6.2)
where M )((0 ) is the undeformed mass, whereas
AM (g ma) = (22202 ) (6.3

is the Zeeman-splitting term.
Since for any [ > 2 the following mass degeneracy occurs

5 Xy

MO, (0,0 = M (n,1) = ML (n,1— 1) = M (n, 1+ 1) (6.4)

for 4; = 0 we have 8(I + 1)? bosonic degrees of freedom corresponding to the same mass
eigenvalue. For the particular values [ = 0,1 the number of states is reduced since for [ = 0
modes A7) and Ajj; are both absent, whereas for [ = 1 A(; 4 is still absent. For any
value of [ they match the bosonic content of massive ' = 2 supermultiplets [f.

A similar effect has been observed in the case of backgrounds with B fields turned on in Minkowski [E,

Bd).
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State |ma — ms| = 25 Degeneracy
0 [+1
o, A
X> @y AIIT 2.4, .1 20+ 1)
[+1
A, 0 +
2.4, .1 20+ 1)
0 [—1
A
L+ 2.4, 1 20— 1)
A 0 143
’ 2.4, .1 2(1 + 3)

Table 1: Degeneracy of states in the case 92 = 43 and | > 2 even. The degeneracy in the third
column refers to every single value of j.

State |ma —mg| =25 + 1 | Degeneracy
X5 (I), A[[[ 1,3,"' ,l 2(l+1)
A, 1,3, ,1 201+ 1)
Ap 1,3, .1 21— 1)
A7 1,3, .1 2(+ 3)

Table 2: Degeneracy of states in the case 42 = 43 and [ > 3 odd.

In the present case mass degeneracy occurs among states which satisfy the above
condition and have the same value of AM (mg, ms3). Therefore, having performed the I-
shift for the (I,4) modes as in (p.4), we concentrate on the degeneracy in AM (ms, m3) for
fixed values of (n,1). It is convenient to discuss the 42 = 43 and 99 # 93 cases, separately.

Y2 = 43 = 4: this case includes the supersymmetric LM-theory. The deformation enters
the mass spectrum only through the difference (mg — mg) and the splitting term AM

depends only on a single integer j

[ even 2j = |mg—m3|=0,2,---,1 AM(j)=4J

I odd 2j4+1=|myg—m3|=1,3,---,1 AM(j)=§<j+%> (6.5)
Excluding for the moment the [ = 0,1 cases, for any given value of 25 and 2j 4+ 1 the
degeneracies of the corresponding mass levels are listed in table [] and table P, respectively.

For any value of [ > 2 we observe Zeeman-like splitting as shown in figure [I. Precisely,
the splitting occurs in the following way: For [ even there are 8(1 + 1) d.o.f. corresponding
to j =0 and 16(l + 1) for each j # 0. Since we have [/2 possible values of j # 0, the total
number of states sum up correctly to 8(1+1)2. Analogously, for odd values of [ the number
of levels is (I + 1)/2, each of them corresponds to 16(1 + 1) d.o.f., so we still have 8(I + 1)?
modes.

The [ = 0 case corresponds to ma = mg = 0 (j = 0). The deformation is then harmless
and we are back to the bosonic content of the undeformed theory, that is three scalars x, @,
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Figure 1: The Zeeman-splitting of the undeformed 8(I + 1)? d.o.f. for 42 = 43 and [ even (left) or
odd (right).

A(r,— and one vector with MO (n,0). Similarly, for I = 1 (j = 0), excluding A(r,4+) we have
three scalars and one vector in the (1/2,1/2) of SO(4) and one scalar in the (3/2,1/2), all
corresponding to M? = (M©) (n,1))? +42L?/R*. These cases can be included in tables
and P with the agreement to discharge modes which are not switched on.

We note that there is an accidental mass degeneracy which is remnant of the unde-
formed N = 2 theory. In particular, in the supersymmetric LM case this allows to organize
the bosonic states in A/ = 1 supermultiplets.

In principle, this unexpected degeneracy could be related to the particular theories we
are considering which are smooth deformations of their undeformed counterpart. In order
to better understand N’ = 2 vs. N’ = 1 supersymmetry at the level of mesonic spectrum,
the study of the fermionic sector is a mandatory requirement.

42 # “43: the splitting term AM now depends on both mg3 and no longer on their
difference. In order to make the comparison with the 49 = 43 case easier, for fixed [ it is
convenient to label AM by two numbers j and s
J+8) P+ -5
2
G+5+8)d+G+35— 9%
2

where j is still defined as before, whereas s is integer if [ is even and half-integer if [ is odd.

[ even AM(j,s) =

I odd AM(j,s) =

(6.6)

Its range can be read in tables ] and f.

As appears in the tables the degeneracy is almost completely broken. In fact, except
for the my = mg = 0 case, only a residual degeneracy 2 survives due to the fact that the
mass (.9) is invariant under the exchange (mg, m3) — (—ma, —ms).

To better understand the level splitting it is convenient to compare the present situation
with the previous one. In fact, fixing j, the degenerate degrees of freedom of the 4o = 43
case further split according to the different values of s. If [ is even and j = 0, the previous
8(1 4+ 1) degenerate levels split in (I/2 4 2) new mass levels, while for j # 0 the 16(I + 1)
levels open up in (I + 3) levels (see figure ). If I is odd we find (I + 3) different mass levels
as drawn in figure .

The particular cases [ = 0,1 can be read from tables § and [] by discharging
(A(r4),Arrr) and A 4y, respectively. For [ = 0 three modes x, ® and A, correspond
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State |me — mg| = 25 s Degeneracy
1
0 1
X (1)7 AIII 1727"' i) 2
l l
2,4, N/ — L0, L 92
0 0 1
A;Uf 1727 7% 2
l l
2,4, N/ — 5,0, 2 92
0 1
AI,-!— 0 1727 7I_T2 2
-2 -2
2,4, 1 —2.00,- 52 92
0 0 1
Ar - 1,2, , 52 2
142 142
2,4, )1 2.0, B2 2

Table 3: Degeneracy of states in the case 42 # 43 and [ > 2 even. The degeneracy in the fourth
column refers to every single pair (7, s).

State |mg —ms| =25+ 1 s Degeneracy
X, ®, Arpr 1,3, ,1 —L L 2

A, 1,3, ,1 Lt 2

Ary 1,3, ,1 -52. B2 2

Aj_ 1,3,---,1 bz 2 2

Table 4: Degeneracy of states in the case 42 # 43 and [ > 3 odd.

to AM =0 (5 = s =0), whereas the three degrees of freedom of A(r,—) split into one d.o.f.
with AM =0 (j = s = 0) and two with AM = 253 (j = s = 1). Already in the simplest
[ = 0 case the SO(4) breaking is manifest. For [ =1 (j = 0) the four degrees of freedom of
each mode x, ®, Arr; and A, now split into two states with AM = 4,/2 and two states
with AM = 43/2. On the other hand, the 8 d.o.f. corresponding to A(; _y split into two
states with AM = 42/2, two states with AM = 43/2, two states with AM = (292 — 43)/2
and two with AM = (295 — 92)/2.

As discussed in [fff] the undeformed spectrum exhibits a huge degeneracy in v =n +{
which can be traced back to a (non-exact) SO(5) symmetry. This originates from the fact
that the induced metric on the D7-brane is conformally equivalent to E(13) x S*. If in
the quadratic action for the fluctuations the conformal factor can be re-absorbed by a field
redefinition the corresponding equations of motion are invariant under S* diffeomorphisms.
Therefore, solutions can be found by expanding in spherical harmonics of S* and the mass
spectrum of the elementary modes depends only on the SO(5) quantum number v. This
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Figure 2: The Zeeman-splitting of the 42 = 43 = 4 d.o.f. for 4o # 43 and [ even. The value of
AM here appearing is pictured considering the case 43 < 4 < 2.
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Figure 3: The Zeeman-splitting of the 42 = 43 d.o.f.

3 < < Aa.

2

s=—(1+2)/2

for 42 # 43 and [ odd. Once again

happens for instance for scalar modes and vectors which, for a given v, organize themselves
into reducible representations (0,0)®(1/2,1/2)---®(v/2,v/2) of SO(4). This is indeed the
decomposition of the highest weight representation [v, 0] of SO(5) in SO(4) representations.
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In principle, the same analysis can be applied also to our case. Here the induced
metric (B.11) is conformally equivalent to E(13) x S* where S? is the deformed four-sphere

(set 0= p/L)

Rt 4 ~
2 _ 2 2,52
dsg, = VRN 02)2(dg + 0°dQ3) (6.7)

and R R
023 sk(Fadga + Y3dps)?

dO2 = d6® + G |c2dp3 + s2dp2 + 13 )

(6.8)

is the deformed three-sphere.

It follows that a dependence on the SO(5) quantum number v = n + [ still appears
if the conformal factor (1 + 0?)L?/R? can be compensated by a field redefinition and the
(13) % S* plus deformations.
A close look at the action (f.1J) reveals that this is always the case for the decoupled

modes x, A, and also for ®. Despite of the presence of the deformation terms which break

action can be entirely expressed in terms of the metric of E

explicitly the SO(5) invariance, we can still search for solutions expanded in spherical
harmonics on S* and, consequently, the mass spectrum exhibits a dependence on n and
[ only in the combination n 4 [. In particular, in the zero-mode sector mg = mz = 0 a
degeneracy appears which is remnant of the SO(5) invariance. Of course, the eigenstates
corresponding to degenerate eigenvalues never reconstruct the complete [v, 0] representation
of SO(5), being organized into a direct product of SO(4) representations with integer spins
only (0,0) ® (1,1)--- ([v/2],[v/2]), since mg = m3 = 0 only occurs for even values of [.

7. The dual field theory

In this section we construct the 4D conformal field theory whose composite operators are
dual to the mesonic states just found.

As already discussed in section 3, in the supergravity description the operations of T'sT'
deforming the AdSs x S° background and adding D7-branes commute. Since on the field
theory side T'sT deformations correspond to promoting all the products among the fields
to be *-products [1], whereas the addition of D7-branes corresponds to adding interacting
fundamental matter [ we expect that in determining the action for the dual field theory
the operations of *-product deformation and addition of fundamental matter commute.
Therefore, in order to obtain the dual action we proceed by promoting to x-products all
the products in the A/ = 2 SYM action with fundamental matter corresponding to the
undeformed Karch-Katz model.

Given Ny probe D7-branes embedded in the ordinary AdSs x S5 background with N
units of flux, N > Ny, in the large N limit the dual field theory on the D3-branes consists
of N'=4 SU(N) SYM coupled in a N' = 2 fashion to Ny N/ = 2 hypermultiplets which
contain new dynamical fields arising from open strings stretching between D3 and D7-
branes. In N' = 1 superspace language the N' = 4 gauge multiplet is given in terms of one
N = 1 gauge superfield W, and three chirals ®;, ®5, ®3 all in the adjoint representation of
SU(N). The N = 2 hypermultiplets are described by Ny chiral superfields Q" transforming
in the (N, Ny) of SU(N) x SU(Ny) plus Ny chirals Q, transforming in the (N, Ny).
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According to the AdS/CFT duality the lowest components of the three chirals ®; are
in one-to-one correspondence with the three complex coordinates of the internal 6D space
as (we use notations consistent with section 2)

X' 4iX? = upze™® — D3)y_5_,
X3 i Xt = upge® — Boly_s_, (7.1)
X 40X = up e — @4)y_5_,

For a configuration of D7-branes placed at distance X° + X% = L from the D3-branes the
Lagrangian of the corresponding gauge theory is [g]

L= / d*o [Tr (e‘gvtiiequ)i) +tr (Qeg VQ + Qe‘gvé)] + 2—;2 / d?0 Tr (WoW,)
—|—i/d29 [gTr (2! [@%, %)) +gtr((g<1>1Q> + mtr (QQ)] + h.c. (7.2)

where the trace Tr is over color indices and tr is over the flavor ones. This action is N' = 2
supersymmetric with (W, ®1) realizing a N’ = 2 vector multiplet and (®2, ®3) an adjoint
matter hypermultiplet. The coupling of ®; with massive matter fields leads to a non-
trivial vev (®1) = —m/g which gives the displacement between the D3 and the D7-branes
according to the identification L = —m/g.

The theory has a SU(2)¢ x SU(2)g invariance corresponding to a symmetry which
exchanges (P2, ®3) and to the N' = 2 R-symmetry, respectively. In addition, for m = 0,
there is a U(1) R-symmetry under which (Q",Q,) and (®,, ®3) are neutral, whereas ®;
has charge 2 and W, has charge 1 Bg, [. In the dual supergravity description these
symmetries originate from the SO(4) x SO(2) invariance which survives after the insertion
of the D7-branes [B] and which are related to rotations in the (X!, X2, X3, X*) and (X5, X9)
planes, respectively. Fixing X°+iX® = L # 0 breaks rotational invariance in the (X°, X°)
plane and, correspondingly, the mass term breaks the U(1) R-symmetry in the dual gauge
theory. Finally, the theory also possesses a U(1) baryonic symmetry under which only
(Q",Q,) are charged (1,—1). This is a residual of the original U(N;) invariance.

For m = 0 and in the large N limit with N fixed the theory is superconformal
invariant. In fact, the beta-function for the 't Hooft coupling A = ¢?N is proportional to
M2 N¢/N and vanishes for Ny/N — 0.

Since we are interested in non-supersymmetric deformations of this theory we need
the Lagrangian ([.9) expanded in components. Given the physical components of the
multiplets being

o' = (a',yl) Q" =(q" xa)
Wy = ()‘ayfaﬁ) QT = (@‘75(7‘0{) (73)

after eliminating the auxiliary fields through their algebraic equations of motion, the La-
grangian ([7.9) takes the form

L=Lrn=a+Ly+ Ls+ Lint (7.4)
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where”
Ly—g =Tr <—%f°‘5fa5 +iX [V, A] + @;0a" + i)’ [v,wi]>
1T (& o'.a] [of.3) + 5 [a. o] [ai,ajo

+{i9 Tr (Wn A a' + %Ez’jk (¢, 7] ak> + h-c-} (7.5)

is the ordinary N = 4 Lagrangian,

2 L B B 2 ) B )
-4 tr(qqqq+ Qdai- 2qq~qq+4q~qqq> + Tt (q[aha) - qda] )

2
_{tr <gm(q_a1q + Ga1q) + %((?a_lalq + Gatd1q + 24 [az, as] q)> + h.c.} (7.6)

describes the bosonic fundamental sector and its interactions with bosonic matter in the
adjoint,

Lf=itr <X€X - )2%)2) + {zm tr <)Zx> + h.c.} (7.7)

describes the free fermionic fundamental sector and
Lint = igtr <X)\q — X + Gty + Xt + )Zalx> + h.c. (7.8)

contains the interaction terms between bosons and fermions.

The most general non-supersymmetric marginal deformation of this theory can be
obtained by promoting all the products among the fields in the Lagrangian to be #-products
according to the following prescription [Bg]

. f
fg — frg=em0Cm pg (7.9)

where v are the deformation parameters, whereas (Q1,Q2,Q3) are the charges of the
fields under the three U(1) global symmetries of the original N' = 4 theory associated to the
Cartan generators of SU(4). On the dual supergravity side they correspond to angular shifts
in (7). Accordingly, the charges of the chiral ®; superfields are chosen as in table f] [BY
with the additional requirement for the charges of the spinorial superspace coordinates to
be (1/2,1/2,1/2). This insures invariance of the superpotential term [ d?¢Tr(®![®?, ®3])
under the three U(1)’s. The charges for the matter chiral superfields are determined by
requiring the superpotential term f d29tr(Q<I>1Q) to respect the three global symmetries
in addition to the condition for Q and Q to have the same charges.

"We use superspace conventions of @] When 9\ indicates the product of two chiral fermions it has to
be understood as ¥*\,. The same convention is used for antichiral fermions.

— 928 —



ol d2 | 93| Q| Q

Q1] 1] 0 010
1 1

Q2] 0 | 1 513
1 1

@Rz 0|0 513

Table 5: U(1) charges of the chiral superfields. The corresponding antichirals have opposite
charges.

The gauge superfield W, and the gaugino have charges (1/2,1/2,1/2), whereas the
gauge field strength f,3 is neutral under the three U(1)’s.

In the absence of mass term in (7.9) the corresponding currents (Jy,, Jg,, Jp,) are
conserved, whereas Jy, fails to be conserved when m # 0. Moreover, (Jg,, Jy,) are ABJ-
anomaly free also in the presence of fundamental matter, whereas Jy, is non-anomalous
only in the quenching limit Ny/N — 0.

As is well-known, the ordinary Lunin-Maldacena U(1) x U(1) charges [R] are associated
to (¢1,¢2) angular shifts after performing the change of variables (in our notations)

p1 = %(% + 2 —2¢3), 2= %(% +¢3—2¢1), 3= %(% +td2+ds),  (7.10)

Expressing the (J,,,J,,) generators in terms of (Jg,, Jg,, Js,) we easily find that the
Lunin-Maldacena charges are given by

=0y -5 $M = Q — 1 (7.11)
In the case of supersymmetric deformations the third linear combination Qr ~ (Q1 + Q2+
Q@3) provides the R-symmetry charge.

We are now ready to derive the deformed action by using the prescription ([.9) in the
original undeformed one.

We begin with the one-parameter deformation, v; = v = ~3. In this case N = 1
supersymmetry survives and we can work directly with the superspace action ([.2). Since
only for m = 0 the *-product is well-defined being the three U(1) charges conserved, the
correct way to proceed is to deform the massless theory and then add the mass operator as
a perturbation. Following this prescription and taking into account the superfields charges
given in table f], the Lagrangian of the deformed theory is

L= / d*o [Tr (e_gvin-egvfbi) +tr (QegVQ + Qe‘gvé)] + 2—!1]2 / d?0 Tr (WW,)
tig / 420 [Tr (™D By®y — e ™Dy DyDy) + tr (Q(I)lQ) +mtr (QQ)} (7.12)

We note that a non-trivial deformation appears in the superpotential only in the pure
adjoint sector. The interaction and the mass terms involving flavor matter do not change,
so that the vev for ®; which is related to the D7-brane location through the dictionary ([.1)
is the same as in the undeformed theory, (1) = —m/g = L. Since in the supergravity
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description we have chosen L to be real (X° = L, X% = 0) here and in what follows we
restrict to real values of m.

As already stressed, for m # 0 the )y charge is not conserved, neither is QgLM).
Therefore, this deformed theory possesses only one U(1) non-R-symmetry corresponding
to Q(LM .

The action (.12) has been obtained by *-product deforming the ' = 2 SYM ac-
tion ([.9). However, it could have been equivalently obtained by adding fundamental
chiral matter to the N' = 1 3-deformed SYM theory of [R1]. In particular, the appearance
of the gauge coupling constant in front of the adjoint chiral superpotential insures that for
m = 0 and in the probe approximation the theory is superconformal invariant [B9.

We now consider the more general non-supersymmetric case. We implement the *-

product ([.9) in the action ([.4). Using the deformed commutator [B§]

[Xi, Xjlag, = ™0 XX — e ™M XX (7.13)
where for X; fermions
0 T +7) i +s) —i(e — )
_l( 1 _1 _
1+ 72) 0 (72 +73) (13 =)
Miormions = B = 2 2 2 7.14
crmons T +m) —i(e+s) 0 —1(m1 —72) (7.14)
32— z(i—m) 3(n—7) 0
whereas for scalars
0 v —2
Mscalars =C= —73 0 71 (715)
2 -7 0

the deformed Lar—4 takes the form
1 _ . . _
Jp— <_§ PP s +iA [V, 3] + @Dd! + it [v,w,})
1., ;o 1, _
+g2 Ty <_Z [CL ,ai] [aﬂ,aj] + 5 [CL 7a]]Cz‘j [ai,aj]cij>
_ 1 o
—i—{z’g Tr <[1/’i, Al 5,0+ 5 ik [¥", 7] B, ak> + h.c.} (7.16)

while the bosonic sector reads

2
_ ~ = g _ ~ =~ = _ =~ ~ = _
Ly = tr<q (O-m?)q+q(d-m?) q) — Ztr<qqqq+qqqq—2qqqq+4qqqq>
92 = i 1 1-— =
+5tr(d[ ,a;) G—qla',a;] g+ qara'q + Ga' a1
+{92 tr (¢ [ag, as]c,, ) — gmtr (e_i”m_%)cjalq—i— e”(“*z_%)cjal&) +h.c.}

(7.17)
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and the fermionic one
Ly=itr (X?X _ x?i) n {zm tr <xx> n h.c.} (7.18)
Finally the boson-fermion interaction terms become
Lint = igtr <ei%(72 _73))25\q - e_i%('m_'y:”)(j/_\i
+ et 027 gyply 4Tt 2 gl 4 >za1X> + hc. (7.19)

We observe that the fundamental fields ¢ and ¢ experiment the v;-deformation only through
the modified commutator [ag,as]e,, in L. Moreover, vo and 73 are always present in
the combination (y2 — 73) so that the corresponding phases disappear when v, = 73, in
particular for supersymmetric deformations.

8. Conclusions

In this paper we have studied the embedding of D7-branes in LM-Frolov backgrounds
with the aim of finding the mesonic spectrum of the dual Yang-Mills theory with flavors,
according to the gauge/gravity correspondence. Since these theories have N/ = 1 or no
supersymmetry depending on the choice of the deformation parameters 4;, they provide an
interesting playground in the study of generalizations of the AdS/CFT correspondence to
more realistic models with less supersymmetry.

These geometries are smoothly related to the standard AdSs x S® from which they
can be obtained by operating with T'sT transformations. Therefore, if we consider D7-
brane embeddings which closely mimic the ones of the undeformed case [[] we expect the
flavor probes to share some properties with the probes of the undeformed case. Driven by
this observation we have considered a spacetime filling D7-brane wrapped on a deformed
three-sphere in the internal coordinates. We have found that for both the supersymmetric
and the non-supersymmetric deformations a static configuration exists which is completely
independent of the specific values of the deformation parameters 4;. As a consequence
the D7-brane still lies at fixed values of its transverse directions and exhibits no quark
condensate [ff]. We remark that this shape is exact and stable in the supersymmetric as
well as in the non-supersymmetric cases.

Although the shape of the brane does not feel the effects of the deformation, its fluc-
tuations do. In fact, studying the scalar and vector fluctuations we have found that a
non-trivial dependence on the 45 3 parameters appears both in terms which correct the free
dynamics of the modes and in terms which couple the U(1) worldvolume gauge field to one of
the scalars in the mutual orthogonal directions to the D3-D7 system. All the deformation-
dependent contributions arise from the Dirac-Born-Infeld term in the D7-brane action,
whereas the Wess-Zumino term does not feel the deformation. The 4, parameter, associ-
ated to a T'sT transformation along the torus inside the D7 worldvolume, never enters the
equations of motion.
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A smooth limit to the undeformed equations of motion exists for 4; — 0. In this limit
all the modes decouple and we are back to the undeformed solutions of [fj]. The effect of
the deformations becomes negligible also in the UV limit (p — oo). This is an expected
result since the deformations involve tori in the internal space and in the UV limit the
metric of the background reduces to flat four dimensional Minkowski spacetime.

On the other hand, the situation changes once we consider the general deformed equa-
tions. In fact, solving analytically these equations for elementary excitations of scalars and
vectors we have found that the mass spectrum is still discrete and with a mass gap and
the corresponding eigenstates match the one of the undeformed case. However, the mass
eigenvalues acquire a non-trivial dependence on 42 3. These new terms, being proportional
to the U(1) x U(1) quantum numbers (mg,m3), induce a level spitting according to a
Zeeman-like effect.

We have performed a detailed analysis of the level splitting and of the corresponding
degeneracy. The situation turns out to be very different according to 45 and 43 being equal
or not. In fact, for 4o # 43 the degeneracy is almost completely broken since only a residual
degeneracy associated to the invariance of the mass under (mg, ms) — (—ma, —mg) sur-
vives. In particular, the breaking of SO(4) is manifest. Instead, for 4o = 43 the mass levels
split but for each value of the mass an accidental degeneracy survives which is remnant of
the N/ = 2 case. While in the supersymmetric case (41 = 42 = 93) this allows to arrange
mesons in massive N’ = 1 multiplets according to the fact that our embedding preserves
supersymmetry, this higher degree of degeneracy in the bosonic sector of the theory does
not have a clear explanation at the moment. In order to make definite statements about
the supersymmetry properties of the mesonic spectrum and supersymmetry breaking one
should study the fermionic sector. A useful strategy could be the bottom-up approach
described in [Ig]. We leave this interesting open problem for the future.

Our analysis shares some similarities with other cases considered in the literature.

First of all, we have found that a stable embedding of the probe brane can be realized
which is static and independent of the deformation parameters. This feature has been
already encountered for other brane configurations in deformed backgrounds. An exam-
ple is given by particular dynamical probe D3-branes (giant gravitons) which have been
first well understood in [RG]. In fact, there it has been shown that giant gravitons exist
and are stable even in the absence of supersymmetry and their dynamics turns out to be
completely independent of the deformation parameters, being then equal to the one of the
undeformed theory. Moreover, since the giants wrap the same cycle inside the internal de-
formed space as our D7-brane does, their bosonic fluctuations encode the same dependence
on the deformation parameters observed in the mesonic spectrum coming from the D7.

A second similarity emerges with the case of flavors in non-commutative theories in-
vestigated in [[(]. In fact, the non-trivial coupling between scalar and gauge modes that in
our case is induced by the deformation resembles the one which appears in the case of D7-
branes embedded in AdS5 x S with a B field turned on along spacetime directions. This
is not surprising since both theories can be obtained performing a 7T'sT transformation of
AdSs5 x S?: If the T'sT is performed in AdS one obtains the dual of a non-commutative the-
ory while the LM-Frolov picture is recovered if this transformation deforms the internal S°.
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The field theory dual to the (super)gravity picture we have considered can be obtained
by deforming the standard action for N' = 4 super Yang-Mills coupled to massive N' = 2
hypermultiplets by the *-product prescription [R1]. In principle, in the supergravity dual
description this should correspond to performing a 7T'sT" deformation after the embedding
of the probe brane. However, as we have discussed, adding the flavor brane in the deformed
background or deforming the Karch-Katz D3-D7 configuration are commuting operations.
Therefore, the prescription we propose on the field theory side is consistent with what
we have done on the string theory side. It is important to stress that the choice of the
embedding we have made is crucial for the above reasoning.

What we obtain is a deformed gauge field theory with massive fundamental matter
parametrized by four real parameters ; and m. We can play with them in order to
break global U(1) symmetries, conformality and/or supersymmetry in a very controlled
way. In fact, in the quenching approximation a non-vanishing mass parameter related
to the location of the probe in the dual geometry breaks conformal invariance and one
of the U(1) global symmetries of the massless theory. On the other hand, the values of
the deformation parameters ~; determine the degree of supersymmetry of the theory, as
already discussed. It is interesting to note that as we found on the gravity side, the three
deformation parameters play different roles in the fundamental sector of the theory. In
fact, v2,3 always appear in the combination (y2 — 73), so that if 75 = 3 this sector gets
deformed only by ~;-dependent phases induced by the interaction with the adjoint matter.
In the supersymmetric case this particular behavior is manifest when using superspace
formalism since a non-trivial deformation appears only in the adjoint sector, whereas the
flavor superpotential remains undeformed.

Let us conclude mentioning some directions in which our work could be extended. We
have considered only the non-interacting mesonic sector. Expanding the D7-brane action
beyond the second order in o’ one can get informations on the interactions among the
mesons and understand how the deformation enters the couplings. Moreover, one could
extend our analysis to mesons with large spin in Minkowski, similarly to what has been
done in the ordinary, undeformed case [f].

Finally it could be very interesting to study in detail the other embeddings proposed
in [§] and in particular the one which seems to exhibit chiral symmetry breaking. More-
over, going beyond the quenching approximation has been representing an interesting sub-
ject since the recent efforts to study back-reacted models [[LF].
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